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Introduction

D IFFERENT approachesare appliedfor theanalysisof unsteady
potential aerodynamic ¯ ow around a lifting body to ® nd the

numerical solution of the problem.1¡ 7 The potential-based direct
approach relates the unknown potential on the surface of the body
to the known boundary conditions.Usually, numerical solutionsare
obtainedby usingconstantelements, and the discontinuityin poten-
tial at the trailing edge is approximated by the difference between
the potentials evaluated at the centroidal control points of the con-
tiguous elements at the trailing edge.8,9 By doing so, the pressure
continuity condition is violated at the trailing edge.10 To account
for this, an explicit Kutta condition should be applied at least for
unsteady large-amplitude motion of low reduced frequency where
the angle of attack is such that ¯ ow separation does not occur.10,11

A method based on a Newton±Raphson scheme has been used by
Kinnas and Hsin10 to iterate an explicit equal pressure condition
at the trailing edge. The implementation of this technique shows a
slowconvergence,andmore recentlya developmentbasedon the lin-
earizationof the pressurecoef® cientwas employedby Bose.11 Here,
an explicit unsteady pressure Kutta condition is described that was
directly and ef® ciently implemented in a time domain high-order
potential panel method12,13 so as to ensure the pressure equality on
the upper and lower surfacesat the trailing edgeof the airfoil at each
time step.

Integral Equations and Unsteady Kutta Condition
The integral equation governing the problem at the time t is
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where u is the velocitypotential;@X b and @X w are the boundariesof
the airfoil and the wake, respectively; D u is the jump in potential;G
is the singularsolutionof the unlimiteddomain; and c is a coef® cient
given by
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In the constant-potentialpanelmethods for two-dimensionalairfoils
it is common to implement the Kutta condition by setting the jump
in potential on the wake equal to

D u = u N ¡ u 1 (3)

where u N and u 1 are the values of the potential at the centroids of
the elements in contact with the trailing edge. Equation (3) does not
ensure the pressureequality at the trailing edgebecausethe pressure
is a function of the velocity squared and the time rate of change of
potential.10,11 Note, however, that if the unknowns are assumed to
be the values u u ,TE and u l ,TE of the potential u at the upper and lower
trailing edge, the jump in potential is exactly given by

D u = u u ,TE ¡ u l ,TE = u N +1 ¡ u 1 (4)

On the other hand,Eq. (1) at the trailingedgebecomes,via a suitable
limiting procedure,12,13
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where cI and cII are the coef® cients obtained once the direction of
the wake at the trailing edge is known. Because at the trailing edge
only one equation is available for two unknowns, an explicit Kutta
condition is required that is given by the pressure equality at the
trailing edge,
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A time-marching n-order boundary element scheme was numer-
ically developed that allows us to implement exactly the explicit
Kutta condition, i.e., Eq. (6), with respect to the nonlinear depen-
dence of the pressure on the potential u . The integral equation (1)
can be expressed in numerical form, and a linear system of N al-
gebraic equations is obtained. The N resulting equations involve
the N + 1 unknown potentials u 1, u 2 , . . . , u N , u N +1 at the airfoil
nodes. The value of the airfoil circulation C at the time t is given by
the difference between the potentials at the trailing edge, and then,
from the trailing edge condition, D u TE on the wake is equal to C
around the body. The resulting system is reordered to lead to

[A][Á] + [B] C = [S] + [Q][ D Á] (7)

InEq. (7) thevector [Á] containsthe N unknownvaluesof thepoten-
tial on the body u 1, u 2, . . . , u N , the vector [ D Á] collects the values
of the circulation at the previous time steps D u 1, D u 2, . . . , D u M ,
whereas the vector [S] contains the contribution of the prescribed
boundary data. The matrices [A], [B], and [Q] are the in¯ uence
matrices. By inverting Eq. (7), one obtains

[Á] = [A]¡ 1([S] + [Q][ D Á]) ¡ [C]C (8)

where [C] = [A]¡ 1[B]. Equation (8) expresses the N unknown po-
tentials u i in terms of the circulation C around the airfoil at the
time t , and then the potential and the velocity at any point can be
expressed in terms of the unknown C . In particular, the perturbation
velocities u on the airfoil are calculated through the derivatives of
the potential expressed in terms of its nodal values through suitable
shape functions H ,

u(P) = [H(P)][Á] + HC ( P) C P 2 @X b (9)
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Fig. 1 Wake con® guration for the NACA0012 foil undergoing a slow-
frequency oscillation.

Fig. 2 Lift coef® cient evolutionfor the NACA0012 foil at a reduced fre-
quency of 0.2, with a feathering parameter of 0.4; Ð Ð , present bound-
ary element method solution ( D ¿ = 0.5) and ¤ , solution of Ref. 11.

Substituting Eq. (8) into Eq. (9), one has

u( P) = [H(P)] f [A]¡ 1([S] + [Q][D Á]) ¡ [C] C g + HC (P) C

P 2 @X b (10)

Therefore, the velocity can be expressed in a more compact form,
with obvious meaning of the symbols, as

v(P) = w( P) + f ( P) C P 2 @X b (11)

where the term w (P) also containsthe contributiondue to the undis-
turbed ¯ ow. The amount of the circulation C is established by ap-
plying the unsteady Kutta condition [Eq. (6)], i.e., pressureequality
at the trailing edge. In the discretized time domain, the @D u / @t
term is numerically computed by the ® nite element scheme with
respect to time after the potential discontinuity at the trailing edge
was expressed through suitable shape functions W (t):

D u TE(t ) = [W (t)][D Á] + W C (t ) C (12)

Taking into account Eqs. (11) and (12), Eq. (6) becomes
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where the overdot indicates the time derivative.Equation (13) is the
desired equation to calculate the circulation around the lifting air-
foil at each time step. It is the explicit pressure Kutta condition that
ensures the equalityof pressureat the trailing edge. Equation (13) is
a quadratic algebraic equation; evidently only one of the two roots
representsthe naturalvalueof the circulation C . The wake geometry
is updated step by step through the velocity of the wake points and
the vorticity D u convectedaccordingto the vorticitytransportequa-
tion. The whole process may be repeated to obtain the circulation
at the next time step. At t = 0, the wake was assumed to leave the
airfoil along a prescribed direction. The solution scheme has been
tested for the ¯ ow® eld around a NACA0012 foil undergoinga sinu-
soidal oscillationwith a heave amplitude ratio h/c = 1 and reduced
frequency$ = x c/2V 1 of 0.2 ( x is the oscillationfrequencyand c
is the chord length); the featheringparameter h = V 1 a / x h (where
a is the pitch amplitude) is assumed equal to 0.4. Calculationshave
been done discretizing the airfoil by 34 linear elements and using
linear shape functions to interpolate the unknown boundary data.
To investigate the present explicit Kutta condition, the pressures

Fig. 3 Pressure coef® cient distribution for the NACA0012 section at
nondimensional time of 20; Ð Ð , present boundary element method
solution and ¤ , solution of Ref. 11.

have been also calculated near the trailing edge from the veloc-
ity obtained through elements of second order. The results indicate
that the difference between the two discretizations used is negli-
gible. The development of the wake with its form and location at
nondimensional time s = tV1 /c equal to 60 is shown in Fig. 1.
In Fig. 2 the variation in lift coef® cient vs nondimensional time is
shown, whereas in Fig. 3 the pressure coef® cient distribution over
the section for the considered motion is displayed at s = 20. The
results obtained by the present approach are nearly coincidentwith
those reported by Bose.11 The present numerical method is capable
of inherently ensuringequality of pressures at the trailing edge, and
it is shown to be robust with respect to the size of the time step and
the mesh re® nement.
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